In this paper, a new numerical algorithm based on the discrete element method is presented for analyzing the dynamic problems under impact loading. Based on the basic principle of continuum mechanics, a connective model for orthotropic media is derived using disk elements. It is also extended to a bilinear hardening elastic-plastic model for calculating the plastic deformation in metals. Moreover, Mohr-Coulomb type failure criterion is used to judge the failure of concrete, and a contact discrete model is added in the algorithm. So the algorithm can calculate not only the impact problems of continuum and non-continuum, but also the transient process from continuum to non-continuum. The wave propagation in orthotropic planes under impact loading is numerically simulated. Through comparing the results with those computed by other numerical methods and examining the stability of the numerical solution, the accuracy and efficiency of the algorithm are discussed. In addition, the transient respondences of a steel warhead penetrating a concrete disc harrow is simulated, and three kinds of basic damage forms of concrete disc harrow under different penetration velocities of warhead are summarized.
Introduction
Various mechanic phenomena can be observed in materials and structures under impact loading, such as stress wave propagation, large deformation, damage and failure. Numerical simulation is an effective measure for studying these problems. Among the numerical proceedings, the finite difference method, the finite element method (FEM), the boundary element method (BEM) and the method of characteristics (1) - (3) are suitable for analyzing the dynamic behaviors of continuum. However, when damage or fracture appears, though these methods can accurately forecast the failure region of material, it is difficult for them to deal with such non-continuum, and additional special treatments, such as lattice remeshing and contact judgment, have to be added in the procedure of calculation. All these make the simulation of the entire failure process a time-consuming and space-consuming task.
The DEM (Discrete Element Method or Distinct Element Method), which was first proposed by Cundall (4) , is proved to be a successful tool for modeling noncontinuum, such as an assemblage of blocks or granular materials, and it has been widely used in geotechnical engineering and powder technology (5) - (7) . Recently, some researchers tried to use this method to simulate the failure and damage processes of brittle materials (8) - (10) , but the accuracy of these methods in the calculation of the dynamic responses of continuum is not validated. In fact, the calculation accuracy of the DEM for the continuum problems is still doubtful. Therefore, for the numerical simulation of dynamic process from continuum to non-continuum, some combined methods (11) - (13) , such as the DEM combined with FEM or BEM, are presented. In these methods, continuum problems are calculated by FEM or BEM, and when non-continuum appears, the calculation model can be shifted to the DEM automatically. Thus, these methods can exert the merits of both the DEM and FEM or BEM. However, it is difficult to ascertain the boundary and the shift criterion between the elements of DEM and the elements of FEM or BEM in these algorithms. It manifests that the exploitation of the efficient DEM model for continuum has important meaning for extending the application area of the DEM.
In this paper, a connective discrete model based on the DEM for orthotropic media is proposed. By extending this model to a bilinear hardening elastic-plastic model, and adding Mohr-Coulomb type failure criterion and a contact discrete model for non-continuum, a numerical analysis code with a complete software package for prepost processing is presented. It can be used to calculate not only the impact problems of continuum and noncontinuum, but also the transient process from continuum to non-continuum. By using the connective model, the stress wave propagation due to a longitudinal pulse in a half-infinite orthotropic plate and a narrow finite orthotropic plate are simulated. Comparing the results with the corresponding results obtained by the method of characteristics and LS-DYNA (2) code, the accuracy and efficiency of this algorithm are examined. In addition, transient responses of a steel warhead penetrating a concrete disc harrow are also simulated, which demonstrate the availability in the simulation of dynamic process from continuum to non-continuum under impact loading.
Elastic Discrete Model for Continuum

1 Basic formulation
In this section, an elastic discrete model for an orthotropic plate is considered. The plate is separated to assemblage of uniform rigid disk elements, which are linked by two kinds of springs (a normal spring and a tangential spring) as shown in Fig. 1 . There also contain semi-disk elements on the neat boundary. For one of the closest arrangement, each element is surrounded by other six elements (see the seven elements in Fig. 1 ), which forms regular hexagon lattice. Taking element i and any element j that surrounds the element i into consideration, we can set up two sets of right-hand Cartesian coordinates, one of which is for the global coordinates (x,y) and the other for the local coordinates (X,Y), respectively. If the material deforms from time (t − ∆t) to time t, the relative distance of the elements will change. Then, the displacements are given as follows:
where ∆u n and ∆u s are the displacement increments in normal and tangential direction respectively, [α i j ] t the angle between the center line of the two elements and the coordinate axis x at time t, ∆u i , ∆u j , ∆v i , ∆v j , ∆φ i and ∆φ j the displacement increments and the rotation angle increments between element i and j respectively in the global coordinates for a time increment ∆t, r i the radius of element i. According to the Hooke's law, the interaction forces at the contact point along the normal direction and the tangential direction [ f n ] t and [ f s ] t are given by
where k n and k s are the spring constants between the element i and j along normal and tangential direction respectively, and taking the assumption of small deformation, the deformations of these two springs do not affect each other. The resultant forces and moments are expressed as
According to Newton's second law of motion, the equations of motion for the element i are written by
where m i denotes the mass of element i,ẍ i (t) andÿ i (t) are the linear acceleration in the x and y directions respectively, andφ i (t) the angular acceleration. The central difference is used for the integration of motion equations, so the velocities, the angular velocity, the displacements and the rotational angle are given by
2 Determination of spring constants
In this section, the mechanical relationships between elastic coefficients for the orthotropic plate and the spring constants in the elastic discrete model are investigated. Taking assumption that elastic potential energy in continuum is totally stored in normal and tangential springs between element i and its contiguous elements (shown in Fig. 1 ), the average strain energy around element i can be given by
where k ni j and k si j are the spring constants along normal and tangential directions between two elements respectively. ∂u ni j /∂x ni j and ∂v si j /∂y si j are the strains along normal and tangential directions, which can be expressed by
where
, φ i and φ j are the rigid rotation angles of element i and element j. The strain energy density of the seven elements is given by
where Vol is the equivalent volume over the hexagon, which is the area of circumscribed regular hexagon of disk elements. It is defined by
where δ is the thickness of the plate. According to Green's formula, the stress components can be obtained by
Thus, the relationship between strain and stress expressed through spring coefficients can be obtained by
Comparing Eq. (11) with the constitutive equation of the orthotropic plane stress problem, the spring constants can be obtained as
where c 11 , c 12 , c 22 and c 66 are the elastic coefficients of the orthotropic media. As shown in Fig. 1 , k n1 and k s1
are the spring constants along normal and tangential directions when the angle between the central line of two elements and x coordinate axis is 0 • , k n2 and k s2 the spring constants along normal and tangential directions when the angle is 60
• .
For the isotropic plane stress problem, the elastic constants can be easily yielded as
where E is Young's modulus, µ Possion's ratio, G shear modulus. Then substituting Eq. (13) into Eq. (12), the following results can be yielded
These results are the same as the research results by Sawamoto, et al. (9) Similarly, the spring constants for the axisymmetric problem can be obtained as
,
where b is distance from element center to the central axis.
Elastic-Plastic Discrete Model for Continuum
When the plastic deformation appears in the material, a bilinear hardening elastic-plastic model for metals is used. The calculation of interaction forces between elements can be expanded as (see Fig. 2 
where f α represents the interaction force of springs, ∆u α the displacement increment, k α and k α the spring coefficients in elastic and plastic condition respectively, in which the subscript α = n, s refers to normal and tangential direction, respectively. We take assumption that both normal springs and tangential springs obey the bilinear hardening elastic-plastic model. The superscript l of f l α (l = 1,2,3,...) represents the yield degree. Following the turn of loading path, if Fig. 2 ), namely the value of spring force is less than the initial yield limit f 1 α , the spring is in elastic condition, and loadon and load-off are elastic. If f Fig. 2 ), where f 2 α is the second yield limit, namely it begins to unload from f 2 α , the spring is in plastic condition, and load-on is plastic. However, if Fig. 2 ), the spring begins to linearly harden, and loadon and load-off are elastic. If − f Fig. 2 ), namely the spring keeps to be loaded to the negative direction and exceeds the second yield limit f 2 α , it gets into plastic condition again until it is loaded to the positive direction at − f 3 α . Thus, the rest may be deduced by analogy, and the spring coefficients for the formula (16) can be obtained by the same technique shown in the section 2.2.
Discrete Model for Non-Continuum and Failure Criterion
For the numerical calculation of non-continuum (granular media), a contact model (14) is used in our scheme. The interaction forces for the elastic discrete model shown in Eq. (2) can be changed as
where k * n = βk n , k * s = βk s , β is the coefficient of contact damping. In addition, the mass damping (also called global damping) is used for the calculation of the velocities, the angular velocity, the displacements and the rotation angle by integrating Eq. (4). For example, the velocities and angular velocity of disk elements can be taken as
where λ is the coefficient of mass damping. The other formulas are the same as those shown in chapter 2.
When the failure appears, Mohr-Coulomb type failure criterion (15) is used for the simulation from continuum to non-continuum. In this criterion, springs between elements present two states (state I and state II). State I is the initial state of continuum. The interaction forces between a pair of elements are compression, tension and shear. When the tension force exceeds the tensile failure criterion, the state of springs changes to state II. In this state, tension forces can't work between elements from then on, and the connective condition between them changes from the connective model to the contact model. The strain rate dependent parameters presented by Mekuro (16) are used in our model.
where F t , F c and C are the tensile strength, compressive strength and cohesive strength respectively, c d , f cd , f td are the dynamic coefficients related with strain ratioε t . For concrete it can be shown as (17) 
where f t , f c and c are the coefficients under static forces.
In the procedure of discontinuous media calculation, collision detection algorithm is one of the most timeconsuming approaches. In order to speed up the calculation of non-continuum, a fast incremental sort-and-update algorithm (18) is used in our code.
Numerical Results and Discussions
1 Stress wave propagation in orthotropic planes
For validating the accuracy of our numerical algorithm, two examples of the wave propagation in orthotropic media are simulated.
In example one, the stress wave propagation process in an orthotropic half-space under a pressure pulse is calculated. The material parameters, the initial and boundary conditions are all the same as the orthotropic material B presented in Ref. (19) . The elastic coefficients are c 11 = 5.0961 GPa, c 12 = 1.2256 GPa, c 22 = 3.5359 GPa and c 66 = 1.2198 GPa, the mass density ρ = 1.244 × 10 3 kg/m 3 ; the initial and boundary conditions are given by (shown in Fig. 3 )
where H(x) denotes Heaviside function, α c = 5.689 × 10 9 s −2 , β c = 2659 s −1 , the loaded area is a = 20 mm. Because the model described above is symmetrical, the half of this model is numerically calculated, where the element radius r = 0.5 mm, the number of elements is 72 394, and time step ∆t = 0.48µs. Figure 4 shows the distributions Fig. 3 Semi-infinite plate and coordinate system Fig. 4 Distributions of τ max /p max for the plate of composite at t = 104µs by the DEM of τ max /p max in the plate at time t = 104µs calculated by the DEM, where p max = max[p(x,t)], τ max the maximum shear stress. From this figure, we can clearly identify the quasi-longitudinal wave, the quasi-transverse wave, the von Schmidt wave and the two peaks of Rayleigh wave. Comparing Fig. 4 with the corresponding numerical result (see Fig. 5 ) obtained by the method of characteristics in Ref. (19), we can find that the two distributions of τ max /p max are almost the same. But the numerical results obtained by the present algorithm are not as smooth as the result calculated by the method of characteristics. In example two, the stress distribution in a narrow finite orthotropic plate under impact loading is numerically calculated. As shown in Fig. 6 , the initial and boundary conditions are given by
where 
where q 0 = 10 MPa, t 1 = 100 µs, t 2 = 160 µs. The material parameter of the plate, element radius and time step are all the same as the example above. A half of this model is calculated, where the number of elements is 3 792. The results are compared with the corresponding results obtained by LS-DYNA. On the occasion using the LS-DYNA, SOLID164, size of elements 1 mm × 1 mm × 1 mm and time step ∆t of 0.48 µs are chosen. Comparing the distributions of σ y at the time t of 104 µs obtained by the two methods, as shown in Fig. 7 , almost the same results are obtained.
2 Stability of the numerical scheme
In the practical numerical calculations, a principle to select the time step ∆t, which is based on the formula for the free vibration of a simple pendulum, is approximated where ω max = √ k max /m is the maximal circle frequency of the element-particle spring system, m the mass of the element, k max the maximum normal contact spring stiffness. For the material parameter of example 1 in the section 5.1, we obtained ∆t ≤ 0.03µs. As the effect of boundary condition and other factors are not taken into account in above analysis, formula (24) is just an approximate condition. However, it is still very useful for determining mesh ratio in numerical computation. In our numerical computation, the stability of the numerical procedure is evaluated by examining the relative energy error E rr in the system (20) , which is defined as
where E in is the input energy and E t the total energy. Figure 8 shows the time variations of the relative energy error for respective calculation conditions. Form Fig. 9 A steel warhead penetrating a concrete disc harrow Fig. 10 The damage form under impact velocity v = 100 m/s Fig. 8 , we can see that once ∆t is greater than 0.42 µs, the relative energy error quickly becomes excessively large. Therefore, formula (24) is just a commodious condition, but inefficient condition.
3 A warhead penetrating a concrete disc harrow
In this section, we simulate the whole process of a steel warhead penetrating a disc harrow at the speed of 100, 50 and 25 m/s. As shown in Fig. 9 , the diameter of the warhead is 2 cm, the whole length is 2.6 cm and the cone-shaped head is 1.4 cm in length. The thickness and the diameter of the disc harrow is 3.3 cm and 40 cm respectively. The parameters for concrete and steel are shown in Tables 1 and 2 , respectively. The coefficient of Table 1 Material parameter of concrete Fig. 11 The damage form under impact velocity v = 50 m/s Table 2 Material parameter of the steel warhead mass damping is λ = 10 −6 s −1 , and the coefficient of contact damping is β = 0.5. The time step ∆t = 10 −7 s is used in this simulation. The penetration process is shown in Figs. 10, 11 and 12. Comparing the damage forms at the velocities of 100 m/s (see Fig. 10 ) and 50 m/s (see Fig. 11 ) for the same penetration depth, we can find that: in a high Fig. 12 The damage form under impact velocity v = 25 m/s impact velocity, such as 100 m/s, cone-shaped cracks appear, and there is little pulverous local damage. In a lower impact velocity, such as 50 m/s, large crack is observed, and a lot of pulverous local damages appear. In a rather lower impact velocity, such as 25 m/s (see Fig. 12 ), there is no large damage occurred inside the concrete harrow, but little fragment on the top and bottom of the concrete harrow, where the warhead taped out two small holes, and the warhead can be bounced to the opposite direction. These results show that impact velocities present great importance in determining damage form of penetration process. Although the model of numerical simulation is rather simple, and the data are slightly rough, it also presents a basic damage form of concrete disc harrow as in experiments (21) .
Conclusions
Summarizing the results above, we assert that the discrete element model proposed by us is efficient for the numerical analysis of impact problems in continuum. It also manifests that our algorithm is not only powerful in the dynamic analysis of continuum and non-continuum, but also available in the dynamic simulations of the transition process from continuum to non-continuum. By comparing the numerical results with the corresponding results computed by the method of characteristics, LS-DYNA and the results derived from experiments, the validity and accuracy of the algorithm were clearly demonstrated. However, our discrete model for continuum is limited by the assumption of small deformation. For expanding the application range of the algorithm, it is necessary to add a discrete model for large deformation problem, which will also be our future work.
